The presence of mean motion resonances (MMRs) complicates analysis and fitting of planetary systems observed through the radial velocity (RV) technique. MMR can allow planets to remain stable in regions of phase space where strong planet-planet interactions would otherwise destabilize the system. These stable orbits can occupy small phase space volumes, allowing MMRs to strongly constrain system parameters, but making searches for stable orbital parameters challenging. Furthermore, libration of the resonant angle and dynamical interaction between the planets introduces another, long period variation into the observed RV signal, complicating analysis of the periods of the planets in the system. We discuss this phenomenon using the example of HD 200964. By searching through parameter space and numerically integrating each proposed set of planetary parameters to test for long term stability, we find stable solutions in the 7:5 and 3:2 MMRs in addition to the originally identified 4:3 MMR. The 7:5 configuration provides the best match to the data, while the 3:2 configuration provides the most easily understood formation scenario. In reanalysis of the originally published shorter-baseline data, we find fits in both the 4:3 and 3:2 resonances, but not the 7:5. Because the time baseline of the data is less than the resonant libration period, the current best fit to the data may not reflect the actual resonant configuration. In the absence of a full sample of the longer libration period, we find that it is of paramount importance to incorporate long term stability when fitting for the system's orbital configuration.
INTRODUCTION
A p:q mean-motion resonance (MMR) occurs when the ratio of the periods of two interacting planets is close to p/q. This commensurability allows planetary conjunctions to occur at consistent locations in the planets' orbits, leading to periodic transfers of energy and angular momentum between the two bodies. Many examples of bodies in mean motion resonance are known in the solar system (for a review, see e.g. Peale 1986 ) and in exoplanetary systems (e.g. Lissauer et al. 2011 , Izidoro et al. 2017 . In this paper, we restrict our focus to systems of giant planets in MMR. Mean motion resonance between Jupiter and Saturn has been suggested as a possible phenomenon early in the solar system's history (e.g. Morbidelli et al. 2007 , Walsh et al. 2011 . Several sets of giant planets in resonance have been identified directly (e.g., GJ 876, Lee & Peale 2002; HD 5319, Giguere et al. 2015; HD 33844, Wittenmyer et al. 2016; HD 47366, Marshall et al. 2019; HD 202696, Trifonov et al. 2019; and TOI-216, Kipping et al. 2019 ) and resonance has been inferred due to stability constraints in the directly imaged system of giants HR 8799 (e.g., Fabrycky & Murray-Clay 2010; Wang et al. 2018) . Understanding the population of giant planets in MMRs is important for constraining the typical migration histories of giant planets, as convergent migration of giant planets in a gas disk is a commonly cited mechanism for formation of gas giants in MMR (e.g. Lee & Peale 2002) .
Resonances often constitute stable regions in otherwise unstable parts of phase space. Because the interactions between planets in MMR can generate periodic oscillations of the system's line of conjunctions, they can protect planets from close encounters. Thus, MMRs are often invoked to explain observed systems that initially appear to be unstable.
Unfortunately, the presence of MMRs greatly complicates analysis of RV systems. Strong planet-planet interactions cause the planets to deviate from pure Keplerian motion even on the timescale of typical RV observations. This complicates the usual RV fitting process, where planets are often allowed to move on unperturbed Keplerian orbits. Furthermore, the additional frequencies introduced by these dynamical interactions can shift the peaks in a periodogram of the RV signal away from the true orbital periods of the planets. This difficulty in identifying the periods of the planets in turn means that, perhaps counterintuitively, the particular resonance that a system is in is not clear from the outset of fitting. Further exacerbating this issue is the fact that libration of the MMR's resonant angle occurs on timescales that are generally longer than the timescale of the RV observations, meaning that our observations only capture part of the full libration. This sampling issue, along with error in the observations, means that the best-fit solutions to RV signals may lie far from solutions that actually exhibit long term stability.
Thus, fitting RV systems in MMR necessitates different methods than those traditionally used to fit radial velocity systems. Firstly, theoretical radial velocities must be generated through full numerical integration of the equations of motion of the system (e.g., Tan et al. 2013 , Wittenmyer et al. 2014 , Nelson et al. 2014 , Trifonov et al. 2017 , Millholland et al. 2018 ). Furthermore, while initial searches through parameter space can be performed without incorporating long term stability, the "true" posterior distribution of the planetary orbital parameters should not include points that are unstable on short timescales. In some cases "rejection sampling", i.e. throwing out all points that do not exhibit stability, can produce posterior distributions conditioned on longterm stability. However, as will be seen in this work, it is often the case that the fraction of stable points is so small that the posterior produced by rejection sampling does not adequately represent the underlying probability distribution. Thus, in order to find long-term stable posterior distributions it is often necessary to incorporate stability during the search through parameter space, though this is often not explicitly done. Incorporating long term stability makes exploring the parameter space difficult, as while regions close to particular MMRs will exhibit long term stability, intermediate regions will generally have no stable solutions, meaning that each proposed resonance must be investigated separately.
In this work, we illustrate these difficulties and ways they can be mitigated through the example of the planetary system orbiting the star HD 200964. HD 200964 is an intermediate mass subgiant (see Table 1 for a summary of the stellar parameters), which was reported by Johnson et al. (2011a) (hereafter JPH11) to host two massive (M p M J ) giant planets in a tight orbital configuration (P c :P b ∼800:600 days). JPH11 gave a bestfit, long term (> 10 7 years) stable solution that was close to a 4:3 MMR. In this work, we include additional observations from both the Keck telescope as well as the Automated Planet Finder (APF), which increase the length of time spanned by the RV data. In addition, we explicitly require stability in our search over parameter space, which greatly aids in finding regions of parameter space that both fit the data well and exhibit long term stability. We find that, in addition to the 4:3 solution identified by by JPH11, the system can be fit by both a 3:2 MMR and a 7:5 MMR, with the 7:5 providing the best fit to the measured radial velocity. The presence of multiple plausible MMRs highlights the general difficulty in pinning down MMR in observed radial velocity systems. We also note that if the system is truly in a 3:2 MMR, this would mitigate difficulties in forming the system through convergent migration.
In Section 2, we discuss how our observations of HD 200964 were performed. In Section 3, we discuss the results of previous analyses of HD 200964 . In Section 4 we discuss the various methods we employed to find best-fit, long-term stable solutions to the observed radial velocity. In Section 5 we analyze the MMRs that stabilize the best-fit solutions we find. In Section 6 we perform our methodology on the JPH11 dataset and compare our results with theirs, and in Section 7 we discuss the possibility of a third planet in the system. Finally, in Section 8 we summarize our results and give our conclusions.
OBSERVATIONS
The radial velocity measurements of HD 200964 used in this analysis come from three different facilities: the Hamilton spectrometer (Vogt 1987 ) paired with the Shane 3 m or the 0.6 m Coude Auxiliary Telescope, the HIRES spectrometer (Vogt et al. 1994) on Keck I, and the Levy spectrometer on the Automated Planet Finder (APF) telescope (Vogt et al. 2014) . In all cases, the star's Doppler shifts were measured by placing a cell of gaseous iodine in the converging beam of the telescope, imprinting the stellar spectrum with a dense forest of iodine lines from 5000-6200Å (Butler et al. 1996) . These iodine lines were used to generate a wavelength calibration that reflects any changes in temperature or pressure that the spectrometer undergoes, and enables the measurement of each spectrometer's point spread function. Although each spectrometer covers a much broader wavelength range, 3400-9000Å for the Hamilton and 3700-8000Å for HIRES and the Levy, only the iodine rich 5000-6200Å region was used for determining the observation's RV shift. For each stellar spectrum, the iodine region was divided into ∼700 individual 2Å chunks. Each chunk produces an independent measure of the wavelength, point spread function, and Doppler shift. The final measured velocity is the weighted mean of the velocities of all the individual chunks. It is important to note that all RVs reported here have been corrected to the solar system barycenter, but are not tied to any absolute RV system. As such, they are "relative" velocities, with a zero point that is usually set simply to the mean of each dataset.
We make use of two previously published RV datasets, denoted here as the "Lick" and "Keck11" datasets, taken from Johnson et al. (2011b) which originally announced the detection of these planets in the context of their intermediate-mass subgiant host star survey (Johnson et al. 2006; Peek et al. 2009; Bowler et al. 2010; Johnson et al. 2010) . The Lick data have SNR of ∼120 in the center of the iodine region (λ = 5500Å) corresponding to an internal uncertainty value of 4-5m s −1 , while the Keck11 have SNR ∼180 in the same area which brings the internal uncertainties down to 1.5-2m s −1 . For additional details on this data, see Johnson et al. (2011b) . New to this paper are an additional 50 velocities taken with Keck HIRES and 36 velocities taken with the APF, all obtained as part of the long running LCES Doppler survey (Butler et al. 2017 ) and denoted as "Keck" and "APF", respectively. For our HIRES observations the median SNR in the iodine region is 159, corresponding to an average internal uncertainty of 1.4m s −1 . The APF observations have a median SNR of 101 in the iodine region, which produces an average internal uncertainty of 1.5m s −1 . These internal uncertainties reflect only one term in the overall RV error budget, and result from a combination of systematic errors from things like prop-erly characterizing the point spread function, detector imperfections, optical aberrations, and under sampling the iodine lines, among others.
The new Keck and APF radial velocities are given in Tables 1 and 2 respectively. Additionally, all four data sets, along with our maximum likelihood solution without stability taken into account (see Section 4.1), are plotted in Figure 1 .
PREVIOUS ANALYSIS
The first analysis of the planetary system around HD 200964 was given by JPH11, using the "Lick" and "Keck11" datasets. These authors first perform a Markov chain Monte Carlo (MCMC) analysis of the system assuming Keplerian orbits for both of the planets in the system, i.e. neglecting planet-planet interactions. They use the results of this Keplerian MCMC to initialize a Differential Evolution Markov Chain Monte Carlo (DEMCMC) algorithm. The theoretical radial velocity at a given time is calculated using an N -body integrator, with a constraint that the system must remain stable for 100 years. They then perform rejection sampling on their final posterior, throwing out points which are not stable for 10 7 years. Their best-fit, long term stable solution appears to have an RMS scatter of 28.1 m/s, which would indicate poor agreement between the model and the data. Furthermore, as also reported by Tadeu dos Santos et al. (2015) , we find that the best fit solution reported by JPH11 does not exhibit long-term stability, regardless of whether the reported orbital elements are taken to be astrocentric or Jacobi. However, JPH11 do not appear to specify the epoch at which the planets have the reported orbital elements. When planetplanet interactions are included, the orbital elements of the planets change as a function of time. Thus, in order to fully specify an orbit, the time at which the orbital elements are referenced must be stated in addition to the elements themselves. For example, for the parameters given by JPH11, the period of the outer planet ranges from ∼ 772 to 857 days over the timescale of the radial velocity observations. Given the degree to which the orbital elements change over the timescale of the observations for the parameters reported by JPH11, it is quite possible that the discrepancy we find between their best-fit solution and the data is because the epoch to which the elements are referenced is not specified.
The reported 4:3 MMR exhibited by the system is interesting, as it is quite difficult to capture planets of gas giant mass into this resonance through convergent migration alone, as discussed by . Subsequent works have explored the stable regions of parameter space for the parameters reported by JPH11, Figure 1 . The four data sets for the radial velocity of HD 200964, along with the theoretical radial velocity curve obtained using the parameters given in Table 5 . The data sets are: Lick (pink points), Keck11 (green points), Keck (red points), and APF (blue points). Note that, as discussed in Section 4.1, each data set has a constant offset that we fit separately. Furthermore, the jitter term given in Table 5 is added in quadrature to the quoted error bars to obtain the error bars shown in the figure. The residuals between the theoretical velocity and the data are shown in the bottom panel. (Wittenmyer et al. 2012) , investigated in more detail the resonant behavior exhibited for the reported parameters (Mia & Kushvah 2016) and investigated other, more complex scenarios for the formation of HD 200964 (Emel'yanenko 2012 , Tadeu dos Santos et al. 2015 4. METHODS In this work, in addition to analyzing a baseline of data longer than that used in JPH11, we investigate the underlying posterior by explicitly conditioning our Markov chain Monte Carlo (MCMC) search on longterm stability. MCMC is a commonly used method to sample from a probability distribution (see e.g. Sharma 2017 for a review); in this context it used to sample from the posterior probability distributions for the orbital parameters of the planetary system (as well as the stellar jitter, see below). In this section we specify the methods employed to find these stable, best-fit solutions. We begin by investigating best-fit solutions including planetplanet interactions but neglecting stability (Section 4.1). After constructing the posterior distribution of orbital parameters without stability, we show that "rejection sampling", i.e. discarding solutions that do not exhibit long-term stability, yields few long-term stable solutions (Section 4.2). Thus, to improve our measurement of the long-term stable posterior distribution, we explore parameter space using a likelihood function that explicitly takes stability into account (Section 4.3). We find that this method does a much better job of fitting the posterior distribution, though we find the posterior is multimodal (Section 4.4). Finally, we perform a Monte Carlo search to verify after the fact that we have identified all relevant stable regions of parameter space (Section 4.5).
Fits Incorporating Planet-Planet Interactions
We begin our analysis by searching for fits to the RV data without explicitly requiring our solutions to be stable. Firstly, we note that inspection of a usual generalized Lomb-Scargle periodogram (GLS, see e.g. Zechmeister & Kürster 2009), leads inexorably to the conclusion that the two planets in the system are closely packed. A GLS for the RV data shown in Figure 1 is plotted in Figure 2 . The two largest peaks (note that we have omitted a peak at ∼1 day which is likely an alias of the sampling period of the data) of the GLS are near ∼600 and ∼900 days. While the actual periods of the planets we determine will be affected by planetary eccentricity and dynamical interaction between the planets, these close peaks nonetheless indicate that the system likely contains two closely packed planets. Thus the gravitational interactions between the planets constitute an important component to the observed radial velocity of HD 200964, and cannot be neglected. Power Figure 2 . A generalized Lomb-Scargle periodogram for the RV data of HD 200964. Note the two strong peaks at ∼600 and ∼900 days, demonstrating that the system likely features two closely-packed planets. The full width at half maximum of each peak is indicated by the gray rectangle.
Often, theoretical radial velocity values are calculated by advancing the planets along Keplerian orbits, in effect neglecting any perturbations between the planets. For non-closely packed systems this is generally a fine approximation, as perturbations between the planets are unimportant over the timescale of the RV observations. As illustrated in Figure 3 , however, this is not the case for HD 200964. Figure 3 plots the radial velocity as a function of time determined by both using only Keplerian orbits, as well as a full N -body integration of the equations of motion. The difference between the two values is shown in the bottom panel. The orbital parameters used correspond to our best-fit, long-term stable solution (see Section 4.3). Clearly, neglecting the planet-planet interactions is a poor approximation; in what follows all calculation of radial velocity values will be done by numerically integrating the star-planet system forward in time. In order to perform our numeric integrations, both to calculate the theoretical radial velocity and to determine the lifetime of our planetary systems (see Sections 4.2 and 4.3), we use the N -body integration package REBOUND (Rein & Liu 2012) .
For the purpose of computing the theoretical radial velocity for comparison with the observations, we use the IAS15 integrator (Rein & Spiegel 2015) , which is a 15th order integrator with adaptive time stepping. All orbital elements provided in this paper are quoted relative to the primary star, i.e. they are astrocentric coordinates, and are given at the epoch of the first data point, i.e. JD 2453213.895. Following Brewer et al. (2016) , we take the central star to have mass M * = 1.45M . We use a usual radial velocity coordinate system, such that the inclination i represents the angle between orbital plane and the plane of the sky, which we take to be the reference plane. The argument of periapse, ω, is the angle between the line of ascending nodes and the periapse direction. The observer is taken to lie in the −ẑ direction relative to the reference plane; in keeping with convention velocities in this direction, i.e. towards the observer, are quoted as positive. For clarity, due to the strong planet-planet interactions we specify the mean longitudes of the two planets at epoch, λ, as opposed to the planets' time of periastron passage. In this work we fix i = 90 • , corresponding to edge on orbits, and fix the longitude of ascending node, Ω = 0. We comment on the degeneracy between the system's inclination and the masses of the planets in Section 4.4. Following other works (e.g Johnson et al. 2007 , Cumming et al. 2008 , JPH11), we introduce a "stellar jitter" term in our fitting, which is an additional error term that is added in quadrature to the "known" error, i.e. the error on each measurement is taken to be σ 2 k + σ 2 j , where σ k is the given error and σ j is the proposed value of the stellar jitter term. We also note that we are using a single value to characterize the stellar jitter, meaning that we are neglecting variation in jitter between different instruments (Baluev 2009 ). We have checked that the inclusion of multiple jitters has no qualitative effect on the posterior distribution shown in Figure 4 . However, fitting a different jitter for each data set (as is done in e.g. Nelson et al. 2016 or Millholland et al. 2018 ) would allow us to characterize the difference in instrumental noise between the various datasets.
We calculate the likelihood for a given set of orbital parameters by assuming that the radial velocity measurements are all independent and Gaussian distributed, with error given by σ i = σ 2 k + σ 2 j , as discussed in the preceding paragraph. In this case, the log likelihood L is given by
where v i are the measured radial velocities and RV (t i ) are the model radial velocities. Here O D refers to the constant offset to each dataset (see Section 2), which must also be fit, introducing 4 additional parameters into our fitting. Instead of including the 4 offsets as parameters in our MCMC search, the offsets are separately optimized for every proposed set of orbital parameters. That is, once the model radial velocities are known, it is straightforward to show that the constant offset to each dataset that maximizes the likelihood can be obtained by calculating the weighted mean of the difference between the model and the data
where S ≡ i 1/σ 2 i . This simplifies our fitting algorithm, but does mean that we may miss degeneracies between the constant offsets and the orbital elements.
For our priors, we assume uniform probability in some specified domain for each parameter, except for the planetary eccentricities, where the priors are uniform in log space. For periods of each planet, the priors are uniform between 400 to 1000 days for planet b, and 500 to 1100 days for planet c. The prior on plantary mass is uniform between 0.1 and 10 M J for both planets. For the planetary eccentricity, the prior is uniform in log space between -4.5 and 0. For all the angles, the priors are taken to be uniform between −720 • and 720 • . This is done to ensure that the arguments of pericenter do not diverge to arbitrarily large values when the planet's eccentricity is low. In practice the actual values of parameters in our searches are quite far from the limiting bounds, with the exception of planetary eccentricity and the corresponding argument of pericenter, where the bounds are important for cases of low eccentricity.
To explore the parameter space, we initially use the scipy minimizer to optimize the orbital parameters. We initially fix the orbital periods and masses of the planets, using the GLS and the amplitude of the RV signal to provide rough estimates of these parameters, and perform an optimization on the rest of the parameters, starting from random values. We chose five of these op-timizations which both had high likelihood and different final parameters to initialize our MCMCs.
We used the software emcee (Foreman-Mackey et al. 2013) to perform our MCMC search. We initialized different MCMC searches from our converged optimizations. We let these MCMCs run for ∼1000 steps, and look at the regions of high likelihood. We found that all of these searches identify a single region as having the highest likelihood. We then reinitialized a final search in this region. We ran this MCMC for an initial burn in period, then discarded these walker positions and ran the MCMC to convergence. To asses convergence of our MCMC runs, we used the potential scale reduction factor (PSRF, Gelman & Rubin 1992) . A common method to asses convergence is to run the MCMC until the PSRF for every parameter has a value < 1.1 (Brooks & Gelman 1998 ). However, for our MCMC runs the PSRF for the two eccentricities and arguments of pericenter often do not fall below 1.1, likely because at low eccentricities the posterior probability is completely insensitive to these parameters. Thus, in practice we consider our MCMC converged if the PSRF for all parameters, except for the two eccentricities and two arguments of pericenter, is below 1.1.
A corner plot showing our best fit posterior distribution for the orbital parameters is shown in Appendix A ( Figure 18 ). The model radial velocity produced from our best-fit parameters (maximum likelihood) is shown in Figure 1 , the median values of our posterior distribution are given in Table 4 , and the maximum likelhiood orbital parameters are given in Table 5 .
The periods of the planets in our posterior distribution are much more constrained than the results obtained by JPH11. The median period ratio of the system has also moved to P c /P b ∼ 7/5, whereas JPH11 found values much closer to 4/3. This is due to our observations spanning a longer timescale. To illustrate this point, in Figure 5 we plot the posterior for our new data along with the N -body integrated posterior distribution produced by analyzing just the JPH11 data (see Section 6). This is consistent with the results of Luhn et al. (2019) , who also report the period of planet c to be around 850 days based on a Keplerian fit to the data.
Interestingly, using N -body integration to determine the theoretical RV values broadens the posterior distribution of P b and P c compared to a purely Keplerian fit for the full dataset. For comparison with our N -body integrated fits, we repeat our analysis with the assumption of Keplerian orbits for both planets. The 2D histogram of a Keplerian fit to the data is plotted in red in Figure  4 . In particular, it appears that the dynamical interaction between the planets allows for period ratios close to both 3:2 and 4:3 to fit the data, which are more strongly ruled out in a purely Keplerian fit. Figure 4 . 2D histograms of the posterior distributions for the planets' periods, using N -body integration to calculate the radial velocity but without long-term stability (black points, see Section 4.1) and advancing the planets on Keplerian orbits (red points). Lines denoting exact ratios of Pc/P b are shown for ratios of 3:2 (blue), 7:5 (gray) and 4:3 (orange).
Closer examination of our N -body integrated posterior distribution shows that many of the points, including our best fit solution, feature extremely close encounters between the two planets. An example from our best-fit parameters is shown in Figure 6 , which plots the distance between each planet and the central star as a function of time. While neither of the planets is ejected over this timescale, the two planets, particularly the outer planet, experience large amplitude fluctuations in distance from the central star. Thus, it is extremely unlikely, if the system were truly in this orbital configuration initially, that we would observe it before the configuration changed substantially. Furthermore, integration over long time scales indicates the outer planet is scattered out past 100 AU on 10 5 year timescales.
The majority of the solutions in Figure 4 do not exhibit long term stability.
Rejection Sampling
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In rejection sampling, we first construct a posterior distribution for the planetary system that does not take stability into account. Some fraction of the points (or, in our case, all of the points) in the posterior are chosen at random, and are then tested for long-term stability. All of the points in the posterior that pass the stability criteria then make up the new best-fit posterior which is conditioned on stability.
The converged posterior distribution shown in Figure  4 contains 287,296 points in parameter space. We then tested all of these points for stability for 10 3 orbital periods of planet c. We consider systems stable if both planets remained between 150% of their initial periastron distance and 50% of their apastron distance from the central star during the course of the integration. We considered distance from the central star, as opposed to the semi-major axis of the planets, as many of our best fit solutions feature extremely close encounters between the planets, as discussed above. This can cause the semi-major axis of planet b to diverge as its velocity is temporarily excited to above the escape velocity from the system, despite the fact that the system remains stable after this close encounter. Though it is unlikely a system featuring such a close encounter will survive on long timescales, we did not want to prematurely discard these solutions without checking for long term stability. These integrations were again carried out using the IAS15 integrator.
Of the points in the initial posterior, 2,295, i.e. < 1% of the systems survived for 10 3 orbital periods. We then tested these remaining points for longer term stability: each set of orbital parameters was integrated for 10 7 orbital periods of planet c. For these long term stability analyses we use the WHFAST integrator (Rein & Tamayo 2015) , an implementation of the sympletic Wisdom-Holman integrator. Unless otherwise noted, we set the timestep for our integrations with WHFAST to be dt = P min /100, where P min is the shortest initial orbital period of the planets in the system. This is five times shorter than the orbital period recommended by Duncan et al. (1998) , who recommend dt = P min /20 for a second order sympletic integrator. Of the points tested, only 1,111 survive for 10 7 orbital periods. This is far too few points to construct a converged posterior for stable, best fit solutions to the data. We would require 1-2 orders of magnitude more points in our original, nonstable posterior, in order to retain enough points in the rejection sampling to construct a converged stable posterior, which would be extremely computationally intensive. Though the posterior obtained through rejection sampling is clearly not converged, the points do appear to lie in the general region of parameter space identified in Section 4.3. With rejection sampling, we only identify stable fits near 7:5 period ratio (c.f. Figure 8 , purple points), while the broader search described in Section 4.3 identifies other possible period ratios.
It is also interesting to note that when this exercise was carried out for fits on just the Keck and APF datasets (i.e. omitting the Lick and Keck11 datasets), none of the points in the initial posterior survived for 10 7 orbital periods. It is only when we have data spanning a longer timescale that we appear to be able to find any best-fit solutions that also exhibit stability. We suspect that this effect stems from the longer time baseline and better coverage of the RV signal that inclusion of the two later data sets provides. As more data is included the parameters of the planets in the system become better constrained, and our posterior distribution moves closer to the "true" parameters of the underlying system, which presumably does exhibit long term stability. Thus, with more data, we expect a greater likelihood that the posterior distribution we construct without explicitly including stability will overlap with stable regions of parameter space.
While rejection sampling is insufficient to construct a converged posterior distribution, some of these points are useful places to initialize MCMC searches with stability included, which we discuss in the next section.
Likelihood Function Conditioned on Stability
As rejection sampling is insufficient to produce a converged posterior distribution, we therefore try a different approach-we modify the likelihood function used in performing searches of parameter space by setting the likelihood function to be 0 if the system is not found to be stable for a predetermined period of time. We consider a planetary system to be stable if the semi-major axes of both planets remain between 50% and 150% of their initial values. This means that any samples in our final posterior distributions now exhibit long-term stability, but also means that our search has trouble exploring between stable regions of parameter space. If we were merely looking for maximum likelihood solutions, the stable solutions we found through rejection sampling would be sufficient for initializing our long-term stable MCMC searches. However, given the large upwards shift in period ratio that occurs when more data is included in the fitting when compared to the JPH11 data (see Figure 5 ), we feel it is quite important to explore other possible modes near the best-fitting solutions, since it is quite possible, as we discuss below, that additional frequencies introduced by the dynamical interaction between the planets are obscuring the underlying period ratio. Due to this difficulty, we use several different methods and initializations for our search, which we discuss in detail below. We ultimately identify three peaks in our posterior distribution, which are discussed in Section 4.4. We do require multiple different initializations to find these various modes, which leaves open the question of whether other initialization methods might find additional modes in the posterior distribution. We return to this question in Section 4.5.
The simplest method of initialization, as well as the method that overall finds the best-fitting region of parameter space, is to simply initialize our MCMC near the best-fit solution found by rejection sampling. This method produces a peak near a 7:5 period commensurability, which is unsurprising given that this is where our non-stable posterior distribution is located. For another initialization, we use a genetic algorithm (GA) to explore the parameter space. As we suspect there may be multiple local maxima of our posterior distribution, a GA may be useful to identify these different maxima and ultimately identify the global maximum. We use the open-source optimization framework Pyevolve (Perone 2009). Our genetic algorithm calculates likelihood scores using the same criteria discussed above, i.e. loglikelihood derived from assuming the observations are Gaussian distributed and independent, conditioned on long-term stability. The negative of the log-likelhiood is used as the "fitness" for the GA. For our GA runs we test for stability for 10 6 periods of planet c's orbit. We find that allowing the algorithm to evolve until an average fitness score of at least 800 is reached, or until there is no significant increase in likelihood between sequential generations, is sufficient time for the algorithm to find useful starting points for the MCMC. We initialize the MCMC in a small Gaussian ball around the best fit parameters determined by the genetic algorithm, and allow the MCMC to run to convergence.
The GA strongly favors a region of stability similar to the parameters identified in Figure 18 , but with the period of the larger planet closer to ∼ 900 days, which places the system firmly in a 3:2 MMR, as discussed in Section 5. This region is extremely stable, making it easier for the GA to explore. The GA misses the stable region of parameter space near P c /P b ∼ 7/5 identified by our rejection sampling in Section 4.2; this is likely because the search by the GA is too broad for this application, and the stable region near 7:5 is much more narrow than the region near 3:2.
We also begin a search starting from the orbital parameters identified by Tadeu dos Santos et al. (2015), who explored the formation and evolution of HD 200964 using the data of JPH11, with a higher stellar mass of M * = 1.57M , and gave long-term stable solutions in the 4:3 MMR. The specific parameters reported in this work do not match the data well according to our model, likely because of a disagreement between the coordinate systems used. Thus, beginning with their reported planetary masses (scaled by a factor M p /M * ) and eccentricities, we first optimize over angular parameters, before performing an optimization over all parameters and a subsequent MCMC search. This search does find stable solutions near a 4:3 period ratio that fit the data well, but the search also finds a smaller number of solutions near the 7:5. Though the walkers in our search spend more time near 4:3, solutions near 7:5 clearly have better posterior probability; it is likely the MCMC has difficulty moving between the two period ratios due to a dearth of stable solutions at period ratios intermediate between the two regions. We therefore initialize another MCMC at our best fit solution from the previous run. This MCMC converges to a region similar to the region identified by starting at the best-fit obtained through rejection sampling.
Thus, we have identified three peaks in our posterior distribution-one near a 3:2 period ratio, another near a 4:3 period ratio, and peak containing our best fit solution near a 7:5 period ratio. In the next section we discuss these peaks in more detail.
Final Posterior Distribution
We give median values of the orbital parameters from each mode of the posterior distribution in Table 6 , and maximum likelihood parameters in Table 7 . Since the 4:3 distribution joins on to the 7:5 distribution, we remove all points with P c > 7/5 P b before calculating the median or the errors. Theoretical radial velocity curves for the maximum likelihood parameters are shown in Figure 7 . The full posterior distributions are plotted in Appendix A. We also stress that it is more meaningful to talk about overall stable regions of parameter space rather than particular orbital configurations. Long-term orbital integrations are inherently chaotic, and lifetimes of a given set of orbital parameters can vary by an order of magnitude depending on the machine used to carry out the integration.
All of our parameters discussed above are reported for i = 90 • . Though there are still strong degeneracies between M p and i in our modeling, we note both the theoretical RV signal and the long-term stability of the system are directly sensitive to the planetary mass M p , as opposed to just M p sin i, which is the relevant quantity when planets are allowed to move on purely Keplerian orbits. One extension of our work would be to directly constrain the masses of the planets by allowing the overall inclination of the system to vary, while still keeping the planets coplanar. We could also allow mutual inclinations between the planets, which would necessitate allowing Ω to vary. This could improve our stability constraints, and allow us to further constrain M p . We leave these investigations as avenues for future work.
We also note that all three posterior distributions identified, that is, near period ratios of 3:2, 4:3, and 7:5, feature a long tail in the eccentricity of planet c consistent with planet c on a circular orbit. We therefore re-run our MCMC, now setting planet c to be circular, which eliminates two parameters from our fitting. The resultant searches identify very similar regions of parameter space to the solutions with eccentricity included, but none of the solutions are truly consistent with planet c being circular. Instead, planet c's eccentricity is quickly excited by the companion, and, over longer timescales, both planets' eccentricities oscillate, with average values that are both of order 10 −1 . We also comment that for two planets to be in MMR, the "test" particle must have some eccentricity. Thus, in what follows we use our orbital solutions with eccentricity included.
As previously discussed, all three of these posteriors represent different modes of the overall posterior distribution of orbital parameters. A 2D histogram of the posterior distribution of P c vs. P b is shown in Figure 8 , overplotted with the non-stable 2D histogram. We use this plot to give an idea of where each modes lies in P c vs P b space; we stress that each mode is pulled from a separate posterior distribution, meaning that the relative likelihood of the modes is not indicated by the density of points in each 2D histogram. Given where each mode lies relative to the non-stable histogram however, it is clear that the mode at period ratios slightly larger than 7:5 will have the overall highest likelihood. To further emphasize this point, in Figure 9 we plot P (D|θ), i.e. the likelihood, hexagonally binned in P b vs. P c space and averaged. Again, we stress that this is not a proper marginalization over the other parameters in our space; however, since it can be seen in Appendix A that the posterior distributions for the other parameters occupy similar regions of parameter space, this plot still gives a rough idea of the relative probability in each mode without being quantitatively rigorous. Figure 9 makes it clear that the mode identified near 7:5 is by far the most likely -it is higher in likelihood than the 4:3 by a factor of ∼ exp(10 − 15), and the 3:2 mode by a factor of ∼ exp(20 − 25). If we were concerned only with agreement between the data and our model, this mode would constitute our full posterior distribution. However, given the large shift in period ratio seen when more data is added to the RV signal, it is important to identify possible modes near the bestfit solution, as these modes may prove to be the "true" solution when more data is added.
Though we have identified three different modes of our posterior distribution clustered around three differ-ent values of the period ratio, all of the periods discussed thus far refer to the periods of the two planets at epoch; over time, the periods of the two planets will oscillate due to their mutual perturbations. To get a better sense of mean values of period ratio for these three modes, and to give a sense of the likelihood in each mode, we randomly sample 1000 points from each of our posterior distributions. For each point, we numerically integrate the system for 500 P c , and compute the mean values of P b and P c . These values are plotted in Figure 10 , along with P (D|θ) for each point. Integrating out the solutions has little effect on the period ratios for points in the 4:3 posterior-these points remain at values slightly larger than a 4:3 period ratio. For the 7:5 posterior however, the average periods all lie much closer to an exact 7:5 ratio, or slightly below, whereas their initial ratios were generally above 7:5. For the 3:2 points the ratios all now lie above 3:2, while their initial period ratios were all below.
After this long term averaging over orbital elements, the period ratio distributions of our posterior modes lie even more clearly along or near lines of constant period ratio. This provides further support to the idea that these orbital configurations are stabilized by mean mo- tion resonance. We explore this idea further in Section 5.
Stable Regions of Period-Period Space
To check whether we have identified all of the possible modes, we preform a simple Monte Carlo simulation to analyze the stable regions near the planetary parameters we have identified. We initialize 10 6 planetary systems, randomly drawing all parameters, except for the planetary periods, from normal distributions centered on the values for the parameters identified from the other modes. We used the following parameters for the normal distributions, where µ denotes the mean of the normal distribution and σ the standard deviation:
The periods of the two planets are drawn from uniform distributions in the range 575 to 635 for planet b, and 790 to 925 days for planet c. Each planetary system is tested for stability in the manner described above, and the stable systems are recorded. A 2D histogram of the stable solutions in period space, along with the 3 modes and the non-stable posterior, are shown in Figure 11 .
Several features are apparent from Figure 11 . Firstly, stable regions of parameter space lie along diagonals running from the lower lefthand side to the upper right, indicating that stable regions of parameter space lie along regions of constant period ratio. Secondly, there is Figure 8 . 2D histograms of the posterior distributions for the planets' periods without long-term stability (black points, see Section 4.1) and the three modes identified for fits conditioned on stability for 10 6 Pc (pink, purple, and red points, see Section 4.3). Note that the plotted values refer to the periods at JD 2453213.895. Lines denoting exact ratios of Pc/P b are shown for ratios of 3:2 (blue), 7:5 (gray) and 4:3 (orange). Figure 9 . Posterior probability distributions shown in Figure 8 , with the points hexagonally binned and averaged. The points are colored by log P (D|θ). The plotted values refer to the periods at JD 2453213.895. Note that the probability has not been properly marginalized over the other parameters, and is only meant to give a rough idea of the relative probability between the peaks (see text). Lines denoting exact ratios of Pc/P b are shown for ratios of 3:2 (blue), 7:5 (gray) and 4:3 (orange). Figure 10 . Osculating period values averaged over 500Pc for 1000 draws from the three modes of the posterior distribution identified by our MCMC search. Each mode lies close to a different fixed value of Pc/P b . Colors are the same as those in Figure 9 . Lines denoting exact ratios of Pc/P b are shown for ratios of 3:2 (blue), 7:5 (gray) and 4:3 (orange). See Section 4.4 for a discussion.
an extremely stable region of parameter space near the 3:2 MMR, and another stable region at ratios slightly larger than 4:3. Interestingly, the 7:5 mode, which has the overall highest likelihood, lies between these two stable regions. This is likely because the 7:5 mode is second order, making it weaker than the first order 3:2 and 4:3 resonances it is adjacent to. The lack of stable regions of parameter space near the 7:5 emphasizes the need to account for stability when considering the posterior probability distribution of the orbital parameters. From Figure 11 , it seems that if we are interested in additional possible stable modes, the only possibilities are the two regions near 3:2 and 4:3, which is precisely the other locations our search uncovered. Since any possible modes cannot lie too far from the non-stable posterior, Figure 11 provides further evidence that we have identified all relevant modes of the long-term stable posterior distribution.
ANALYSIS OF UNDERLYING MEAN-MOTION RESONANCE
As discussed in the last section, and demonstrated in Figure 10 , the period ratios of the points in our posterior distribution lie near lines of constant period ratio, which supports the idea that these systems are in MMR. In order to investigate whether our stable best fit solutions are truly in resonance, we track the evolution of the resonant angle, φ, over time. A p/q MMR between a massive perturber and a massless test particle is characterized by libration of the angle Counts Figure 11 . 2D histogram of results from a Monte Carlo simulation of stable planetary systems. Orbital parameters for the two planets are randomly drawn, and systems that pass the stability criteria described in the text are recorded. The non-stable posterior distribution of the planetary periods is shown in red, and the three long-term stable modes are shown in pink.
(see e.g. Murray & Dermott 1998) . For a truly massless test particle, if the semi-major axis ratio and initial angles are perfectly tuned, φ is constant; for values slightly off from this region, φ oscillates sinusoidally. In the case of HD 200964, libration of the resonant angle will be complicated by the large masses of both planets-not only are both planets of comparable mass, but in addition both planets are relatively massive compared to the central star. Thus, we do not expect libration of the resonant angle to be particularly "clean." We begin by discussing our solutions near a 3:2 period ratio, as they most clearly exhibit libration. The resonant angles for the maximum likelihood 3:2 solution are plotted in Figure 12 . The two resonant angles, φ inner and φ outer , obtained by considering the inner and outer planets to be the test particle in Equation (3), are shown. Both angles show clear libration, albeit with a large amplitude. Thus, it is straightforward to conclude that our long-term stable solutions near a 3:2 period ratio are in a 3:2 MMR. For our 7:5 solutions however, the situation is more complex. The evolution of the 7:5 resonant angle for our maximum likelihood long term stable solution is shown in Figure 13 . The two resonant angles, φ inner and φ outer are again shown. As can be seen in the figure, there does appear to be periodic variation in the value of φ, but it is complicated by the presence of several other effects, which we enumerate in Figure 14 by examining the evolution of φ as both the masses and the mass ratio of the planets involved in the resonance are increased. Figure 13 . Value of the inner and outer 7:5 resonant angles for our best-fit solution, which are defined in Equation (3). The angles do appear to show libration, but the large masses of both planets involved in the resonance complicate the libration pattern, as discussed in the text and demonstrated in Figure 14 .
To begin, we plot the value of φ inner for two planets with M c = 10 −4 M J , and M b = 0. The angles of the planets are initialized such that the system begins perfectly in resonance. The planet's resonance angle is fixed at φ = π over the integration. As we increase the mass of the outer planet, the center of the resonance shifts off of an exact 7:5 period ratio. This causes the system to be initialized off resonance, causing φ to librate about π. Increasing the mass further to 0.5M J adds two new effects-firstly, the period of the libration of the resonant angle decreases dramatically, which is expected as the mass of the planets involved in the resonance increases. Secondly, there is now a much shorter period variation that has been introduced into φ. This variation is caused by the outer planet perturbing the test particle during their closest approach, and therefore occurs on the synodic period of the planets. To illustrate this, we have noted conjunctions between the planets with dashed vertical lines. The strength of these synodic kicks makes the libration of the resonant angle less clear, though it can still be discerned by eye in this case.
If we now give both planets comparable mass, as seen in the righthand top panel, the fact that the "test" particle now has the same mass as the particle we are considering the "perturber" for calculating φ causes the center of the libration to circulate as well, though the oscillation of φ about this circulating center can be clearly discerned.
Finally, we increase the mass of both planets to 0.5M J . In this case, we see a combination of the two effects that were present previously-φ oscillates about a center that circulates, while the strong synodic kicks cause large oscillations of φ on a synodic period.
These effects combine to produce the complicated behavior seen in the libration of φ inner for our best fit solution-for such high mass planets, the synodic kicks are extremely strong, and are on top of the rapid circulation of the center of the resonance. For contrast, in Appendix B we give analogous plots for the 3:2 resonant angle in Figure 22 . In this case, the strength of the 3:2 resonance causes much less significant aberration from test particle case, even when both planets are ∼ M J .
For the 4:3, we can find orbital configurations that show clear libration even for very massive planets. However, the orbital configurations that match the data well appear to be only marginally in the 4:3 resonance or not at all, since the complicated effects seen in φ are not due to the massive planets involved in the resonance alone. To illustrate this, in Appendix B, Figure 23 , we plot the evolution of φ in a manner analogous to the plots made for the 3:2 and 7:5 MMRs.
For the points in our posterior distribution, we only observed behavior similar to libration for the 4:3 resonance in φ outer . An illustration of this is shown in Figure  15 , which plots the outer resonant angle for a solution that does appear to show libration, and for our bestfit solution, which shows circulation. There appears to be a continuous evolution in behavior as the period of planet c is increased: for lower values of period, the outer 4:3 resonant angle does appear to librate about φ = π, which is expected for a 4:3 MMR, though with a complex structure. For the larger period ratio solutions we find, i.e. those near a period ratio of 7:5, the angle appears to circulate instead.
In summary, the 3:2 solutions we find are the only for which identification of the MMR through libration of the resonant angle is straightforward. For the 7:5 period ratio solutions, φ does appear to show periodic behavior which is clearly distinct from circulation. Interpretation of this behavior is not straightforward, though it does appear that the behavior of φ for the 7:5 MMR is consistent with libration for two Jupiter mass planets perturbing one another. For the 4:3 solutions, we see continuous behavior as the period ratio is increased, ranging from clear libration for period ratios closer to 4:3 to clear circulation for period ratios equal to or larger than 7:5.
REANALYSIS OF EARLY DATA
Having now found several viable period ratios for longterm stable fits to the data, this now raises the question of whether the multiple resonances we have identified could have been found with just the data published in JPH11. We therefore apply our methodology to just the Lick and Keck11 datasets, and analyze what aspects of the results we have presented can be found from those data sets alone.
To begin, we use a methodology similar to that discussed in Section 4.3 to find a long term stable posterior distribution of orbital parameters. We perform initial optimization from several different locations in parameter space, including the parameters reported by JPH11. We then run an initial N -body MCMC search from the best-fit obtained through optimization, without stability included, until we have a converged posterior distribution with ∼ 10 6 points. At this point we perform a 10 6 year rejection sample on our posterior, which leaves us with around 200 points in parameter space. This rejection sample identifies two clear regions of stability, one near a 4:3 period ratio and one near a 3:2. We follow up our rejection sampling with MCMC searches conditioned on stability starting in both of these regions.
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at low values of period ratio. This result is in contrast to our analysis of the full data set, for which the best-fitting and stable regions lie on top of one another. This means that stability analysis is even more important when the data set is not as complete.
Thus, in addition to the 4:3 solution, we can identify the 3:2 orbital solution from analysis of the early data alone. However, it is interesting to note that the 7:5 solutions are not identified by this early search; it is only with the inclusion of more data that the 7:5 is even identified as a solution.
POSSIBILITY OF A THIRD PLANET
Though the two planet configurations we have identified provide plausible long-term stable fits to the data, it is still possible there are other planets in the system. We briefly investigate this possibility by adding a third planet to our model and investigate the resulting change in our maximum likelihood.
We initialize our fitting of third planet by looking at a periodogram of the residuals of our data. We take the strongest peak identified by the periodogram, which is is at ∼ 7 days, and use this orbital period as our starting point when adding the third planet. Given the low period, the residual could be due to a stellar signature. The rotation period of the star is likely to be too long to be causing this signature: Jofré et al. (2015) found a v sin i value of 1.88 ± 0.23 km/s. Even at the upper end of the of the error bar, a simple calculation of rotation period using the value R * = 4.92 R gives P rot = 2πR * /v sin i ≈ 118 days, which is clearly too long to give the ∼7 day planetary signal unless the star is ro- Best-fit Solution -P c /P b = 1.42 Figure 15 . Value of the outer 4:3 resonant angle for two orbital configurations drawn from our posterior distribution.
In the upper panel, we plot φouter for a case where the period ratio of the planets is close to 4:3, and φouter appears to librate. In the lower panel we plot the 4:3 outer resonant angle for our maximum solution; the angle appears to circulate in this case.
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tating very close to pole on. On the other hand, the S-index values for HD 200964 do show some power at 8 days in the Keck data set, with a moderate correlation (Pearson correlation coefficient of 0.29), though this signal is not present in the APF data. Furthermore, there is significant power in both datasets around 26 days, which could likely be driving the correlation. Because the GLS favors a lower period for the third planet, it is unlikely that planet-planet interactions are important for modeling this third body. An initial optimization over the third planet's parameters further reinforces this point, as the optimization favors the third planet having low mass compared to the other two, with M d ∼ 5 × 10 −2 M J . To enforce long-term stability in the system, we therefore fix the orbital parameters of planets b and c, and fit only the parameters of planet d. This means we will miss any covariances between the parameters of the hypothetical third planet and the two outer planets, but this method also ensures that the resulting three planet system exhibits long term stability.
We perform an MCMC search over the third planet's parameters, starting from the point identified by our optimization. The underlying parameter space is difficult to probe, with many of the solutions having log likelhioods that are comparable to the two-planet case. We do find orbital configurations that improve our log likelihood substantially enough that they may be significant. For a simple comparison we use a Bayseian information criterion (BIC) to compare our two models. We note, however, that the BIC is a surrogate for calculating the evidence, which is the more robust method (see e.g. Liddle 2007 for a discussion). For a given model, the BIC is calculated via BIC = k log n − 2 logL (4) whereL is the maximum likelhiood, n is the number of observations, and k is the number of model parameters (i.e. 15 for the 2 planet case and 20 for the 3 planet case). In order to compare different models we calculate the BIC for each model and select the model with the lowest BIC. Our maximum likelihood third planet parameters are similar to those identified above: the planet is low mass (M d = 4.22 × 10 −2 M J ), in a short period (P d = 7.89 days), highly eccentric (e d = 0.588) orbit. The ∆BIC for this model versus our two planet model is ∆BIC = 4.90. This means that the three planet model is preferred. The radial velocity signal for the third planet with the signals from planets b and c removed is plotted in Figure  17 . Thus, while a three planet model does provide a smaller BIC, the BIC difference between the two models is not large, indicating that the three planet model is not strongly preferred over the two planet model.
SUMMARY AND CONCLUSIONS
In this paper we have investigated the mean motion resonance between the two planets orbiting the star HD 200964. We find that the system is stabilized because it is in, or near, a mean motion resonance. However, which of three possible resonances the system is in (3:2, 4:3, or 7:5) remains unclear, as the full libration period of the system's resonance angle (∼30 years) is longer than the observational baseline (∼14 years). We also find indications of a possible "low" mass (M p ∼ 0.05M J ) third planet to the system on a short period (∼ 8 day) orbit, though this third planet is not strongly preferred over our two planet model.
Previous analyses (JPH11) identified the system as being in a 4:3 resonance. By including stability in our searches we were able to identify additional long-term stable solutions near a 3:2 MMR, even using the same data analyzed in JPH11, though 4:3 solutions remain better fits to this data set. Furthermore, by using radial velocity data spanning a longer timescale than previous works, we found that the best fitting orbital configurations were not in the 3:2 or 4:3 MMR, but instead had period ratios much closer to 7:5.
The original identification of a 4:3 resonance was puzzling on theoretical grounds, as convergent migration of gas giants strongly prefers capture into the 3:2 rather than the 4:3 or 7:5. It is interesting to note that with the inclusion of more data the period ratio has gone up. We conclude that, this fact, along with the errors underlying the radial velocity measurements and the long timescale variation provided by libration of the resonant angle generate sufficient uncertainty in the period ratio that the 3:2 remains a plausible solution to the observed signal.
If long period observations are not available, it is of paramount importance that long-term stability is in-cluded in fitting RV systems in MMR. For these shorter period solutions, the region of parameter space identified by simply finding the best-fit to the RV data can be a considerable distance from the regions of parameter space that exhibit long-term stability. Thus, requiring any proposed set of best-fit parameters to exhibit longterm stability is invaluable in identifying the the "true" values of the underlying planetary system, which may be obscured by the strong perturbations of the planets on one another.
